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Abstract. Let Mg^i, g > 1, be the moduli space of triples (C, Po,f) of 
genus g, where C is a compact Riemann surface of genus g, Pq G C, and 
V G TpjjC\{0}. Using Chen's iterated integrals we introduce a higher analogue 
of the period matrix for a triple (C, Pqi ^he harmonic Magnus expansion. It 
induces a flat connection on a vector bundle over the space Mg^i, whose holo- 
nomy gives all the higher Johnson homomorphisms of the mapping class group. 
The connection form, which is computed as an explicit quadratic differential, 
induces "canonical" differential forms representing (twisted) Morita-Mumford 
classes and their higher relators on Mg i. In particular, we construct a fam- 
ily of twisted differential forms on Mg,i representing the (0,p + 2)-twisted 
Morita-Mumford class mo,p+2 combinatorially parametrized by the Stasheff 
associahedron Kpj^\. 



Introduction 

Let Mg be the moduli space of compact Riemann surfaces of genus g > 2. The 
purpose of this and succeeding papers is to construct and study "canonical" differ- 
ential forms representing the Morita-Mumford classes (or the tautological classes) 
Ci = {—ly^^Ki, i > 1, 113] [in] on the moduli space Mg. For this purpose, in the 
present paper, we introduce a higher analogue of the period matrices of compact 
Riemann surfaces, the harmonic Magnus expansion, using Chen's iterated integrals 

It is well known the cohomology algebra H* (Mg ; R) is naturally isomorphic to 
the algebra of all the real characteristic classes for oriented fiber bundles with fiber 
Eg, a 2-dimensional oriented connected closed C°° manifold of genus g. This is 
the reason why the moduli space Mg plays an important role also in differential 
topology. As was shown by Madsen and Weiss [18], the stable part * < g/3 oi the 
algebra H*{M.g;R) [6] is generated by the Morita-Mumford classes e^'s. 

There are two classical approaches to constructing differential forms representing 
the classes e^'s. Uniformization Theorem tells us the relative tangent bundle /m 
of the universal family tt : Cg — > Mg of compact Riemann surfaces has a canonical 
Hermitian metric, the hyperbolic metric. A notable work of Wolpert [29] gives 
an explicit description of the differential forms on Mg representing the Morita- 
Mumford classes induced by the hyperbolic metric in terms of the resolvent of 
the hyperbolic Laplacian. On the other hand, from Grothendieck-Riemann-Roch 
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Formula, the puUbacks of the Chcrn forms on the Siegel upper half space Sjg by 
the perfod matrix map represent all the odd Morita-Mumford classes. The first 
variation of the period matrices are given by Ranch's variational formula [25] in 
terms of explicit quadratic differentials. 

In order to construct differential forms representing all the Morita-Mumford 
classes with no use of the hyperbolic metric, we introduce a higher analogue of 
the period matrices of compact Riemann surfaces. For simplicity, we consider the 
moduli space M^^i of triples (C, Po,v) of genus g instead of the space Mg. Here C 
is a compact Riemann surface of genus g, Pq G C, and v a non-zero tangent vector 
of C at Pq. The space Mg^i is an aspherical {3g — l)-dimensional complex analytic 
manifold, and the fundamental group is equal to the mapping class group Aig^i :~ 
TTo Diff+(Sg,po7 I'd), where po S Sg, and -yo S (2RSg)pQ\{0}. The universal covering 
space is just the Teichmiiller space 7^_i for the topological triple (Ttg,po,vo). 

For any triple (C, Pq, v) one can define the fundamental group of the complement 
C\ {Pq} with the tangential basepoint v, which we denote by Tri{C, Po,v). If we 
choose a symplectic generator of t:i{C, Po,v), we can identify it with a free group 
of rank 2g, F2g. This induces a homomorphism A4gj Aut(F2g), which is known 
to be an injection from a theorem of Nielsen. 

Our construction is based on the following two facts: (1) We obtain the i-th 
Morita-Mumford class G i7^*(A^g.i; M), i > 1, by contracting the coefficients 
of the (0,2i + 2)-twisted Morita-Mumford class TOo,2i+2 e H'^'{Mg,i; H'^^'^'+'^'^) 
by using the intersection product on the first homology group of the surface Sg, 
H Hi{T,g;M.) [21] [M] [15]. (2) The (0,p)-twisted Morita-Mumford class mo,p, 
p > 3, is an algebraic combination of the p-th power of the first Johnson map [rf] , or 
equivalently, the (0, 3)-twisted Morita-Mumford class mo_3 [14] [15] [11]. From these 
facts, if one obtains a twisted differential form representing the class mo, 3, then one 
can construct differential forms representing all the Morita-Mumford classes. In 
this paper we confine ourselves to studying the twisted Morita-Mumford classes. 
Here we should remark a way to combine the classes mo^a's to get the class rno,p 
is not unique. There are many nontrivial relations among them, which come from 
the higher Johnson maps , s > 2. In this paper we will show these relations are 
controlled by the Stasheff associahedron Kp^i 26 . For any p > 1, we construct a 
p-cocycle 

0*Yp e C*(7^p+i;l)*(Mg,i;i/«(f+2))) (0.1) 
of the cellular cochain complex of Kp^i with values in the twisted de Rham com- 
plex of the moduli space Mg^i. Here we regard the Alg,i-module i?®(P+2) as a flat 
vector bundle over the space Mg^i in an obvious way. The p-cocycle 9*Yp represents 
^— 1^(-1)2p(p+i)too,p+2 under the natural isomorphisms HP{C* {Kp+i;n* (Mg^i; 
ij®(p+2)))) ^ i7P(Mg,i;iJ<3(P+2)) = HP{MgX:H'>^^^+^''), so that it can be inter- 
preted as a canonical combinatorial family of differential forms representing the 
{0,p + 2)-twisted Morita-Mumford class too.p+2- 

The Johnson homomorphisms Tp, p > 1, arc homomorphisms defined on a de- 
creasing filtration {A^(p)}^o of subgroups of the mapping class group introduced 
by Johnson [5]. Independently of Johnson's work [5] Harris [7] defined the har- 
monic volume of a compact Riemann surface by using Chen's iterated integrals of 
harmonic forms and their relatives. Pulte [24] proved a theorem of Torelli type 
for the pointed version of the harmonic volumes. Hain [7] integrated these studies 
with Hodge theory to give an infinitesimal presentation of the Torelli group M.{1). 
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Kaenders [9j proves a theorem of TorcUi type for the Hodge structures of the funda- 
mental group of twice pointed Riemann surfaces. Our construction is more direct 
and elemantary than these Hodge-theoretic approaches. The Magnus expansion we 
will define in this paper is a higher analogue of Harris' harmonic volumes. This is 
the reason why we named it the harmonic Magnus expansion. 

In (0.1) we have two ingredients in the p-cocycle 9*Yp, a cocycle Yp and a map 
6. Part I deals with the cocycle Yp, which comes from some geometry about the 
automorphism group of a free group. Let n > 2 be an integer, and Fn a free group 
of rank n. We denote by H :— R) the first real homology group of the group 

Fn, and by H* :— Hom(i/, M) its dual. The p-cocycle Yp inhabits the set 8„ of all 
the real- valued Magnus expansions of the free group Fn in a generalized sense [llj . 
A certain Lie group IA(r) acts on the set 0„ in a free and transitive way. This 
makes the set 0„ a real analytic manifold, and induces the Maurer-Cartan form, 
which is a series of 1-forms r]p e {fl^{en)®H* ® i7®(p+i))^"*^-^"\ p > 1. The 
Johnson maps : Aut(F„) ^ H* (g) H'^(p+^) , P > 1, 6* G e„, are given by Chen's 
iterated integrals of the forms rjs's, I < s < p. In other words, the Maurer-Cartan 
forms 's define a flat connection on Y[ H* iSi H^^'P'^^'^ whose holonomy gives all the 
higher Johnson homomorphisms. Assembling the forms ri^'s we obtain the desired 

p-cocycle Yp e C*{Kp+i; (17* (e„) (g) i?* (g) 

In Part II we construct an A^g.i-equi variant map 9 : Tg^i Q2g, which we 
call the harmonic Magnus expansion. For any triple {C,Po,v) of genus g, 
we obtain a canonical Magnus expansion 

Qic.Po,v) of ^Yie free group 7ri(C, Po,v). 
Through the Poincare duality we identify H* = H^{C;R) = H^{Tri{C, Po,v);M.) 
with H = Hi{C;M.) = Hi{tti{C, Po,v);R). In §5, we construct a series of 1-currents 
a;(p) with coefficients in H^p, P ^ 1, such that comes from the harmonic forms 
on C and w = ^ uj(^p) satisfies the integrabihty condition 

duj — uj A Lu — I So . 

Here Sq is the delta current at Pq and / e H®"^ the intersection form of the surface 
C. Moreover we choose the current uj(p^ orthogonal to all the c?-closed 1-forms 
for any p > 2. The Magnus expansion 0^'-^'^°'^^ is defined to be Chen's iterated 
integral of the connection form in §6, and gives the harmonic Magnus expansion 
: Tg^i 82g. In §§7 and 8 we compute the puUback 9*rip, p > 1, of the Maurer- 
Cartan forms in terms of explicit quadratic differentials. Let N : H^™ ff<»m -^^ 

a linear map defined by A^j/^®™ := J2T=o ( o q i ) ' ^' 

(l,0)-part of the connection form w. Then we prove in Lemma 7.1 N(lo'uj') is a 
meromorphic quadratic differential with coefficients in nm>2 iJ®'-™"'"^^ defined on 
C with a pole of order < 2 at Pq. We denote by N{u'u}'\rn) the component of 
N{lu'lu') with coefficients in H®"^. Then we have 

Theorem 8.1. 



for any [C,Po,v\ G Mg i and p > 1 . Here we regard the quadratic differential 
A(w'tj')(p+2) (1,0) -cotangent vector at [C,Pq,v] G Mg i in a natural way. 

The second term of N{uj'uj')^2) — is just the first variation of the 

period matrices given by Rauch's variational formula [25] . 
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In §8 we show the l-form 61*771 has coefficients m A^H C H'^^. Let U := A^H/H 
be the cokernel of the injection : H ^ A^H, Z ^ Z A I, and : A^H U 
the natural projection. In Theorem 8.3 we prove rjY ■— 6*rji can be regarded as 
a l-form on Mg representing the extended Johnson homomorphism k e 77^ (M^; U) 
introduced by Morita [20]. The l-form 77^ is exactly the first variation of the 
harmonic volumes given by Harris . Hain and Reed [5] introduced the l-form 77^ 
in the context of Hodge theory, and studied a 2- form representing the first Morita- 
Mumford class ei obtained from -qY ■ As was pointed out by Harris, the form rji 
vanishes along the hypereliptic locus Tig C Mg. This implies all the differential 
forms representing the Morita-Mumford classes derived from riY vanish along the 
locus Tig in contrast to the differential forms coming from the hyperbolic metric. 
The results in §§4-7 were announced in [T^]. 
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Part 1. Geometry of Magnus Expansions 

1. Iterated Integrals and Maurer-Cartan Forms 

We review iterated integrals introduced by K.-T. Chen and the Maurer-Cartan 
form on a Lie group. In §2 we will describe the Johnson map of the automorphism 
group of a free group as an iterated integral of a certain kind of Maurer-Cartan 
forms on the space of all the (R-valued) Magnus expansions of the free group. 
Moreover, in Part II, the harmonic Magnus expansion will be defined as an iterated 
integral over the universal family of compact Riemann surfaces. 

Our definition of iterated integrals is slightly different from Chen's original one 
[3j. In fact, for a topological space M and paths -^o, h ■ [0, 1] — > M with io{l) — 
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£i(0), we define the product h ■ io : [0, 1] M by 

(f f \U\ - / if 0<t < 1/2, 

(£i.fo)(i).-| ^^(2t-l), ifl/2<t<l, (^-^^ 

which is in reverse order to !3] 1.5, p. 221. 

Let T be an associative M-algebra with a unit element 1 with a decreasing 
filtration of two-sided ideals Tp, p > 1, of finite real codimension. We assume 
Tp ■ Tq d Tp^q for any p and q > l, and the natural map T —^ lim^ 2^/'?p is an 
isomorphism 

lim T/Tp. (1.2) 

p — ^oo 

Let fi(t), 1 < i < TO, be a continuous function defined on a closed interval [a,b], 
a,6 € M, with values in the ideal Ti. We have a Ti-valued 1-form ipi :— fi{t)dt on 
the interval [a, b]. The iterated integral of (^i, (y92, ■ ■ • , <^m along [a, b] is defined by 



6 

fl^2 ■ ■ ■ fm ■= I fl{tl)h{h)--- fm{Un)dtidt2---dtr, 



b>ti>->t„t>a 



If TO > 2, we have 



fl'P2 ■ ■ ■ iPni = J -^l^^l) ■ ■ ^ni^ dti. (1.3) 

Now suppose fi{t) = f2{t) = • • • = fm{t) =: /(t), i.e., (^i = = • • • = (ySm =: 
Then 



EOO 
, / 
m— 1 / 



converges because of the assumption (1.2) and f{t) g Ti. From (1.3) the function 
F{t) is the unique solution of the initial value problem 

I Fia) = 1. 

Let M be a C°° manifold, and E a C°° vector bundle over M. We denote by 
C°°{M;E) the space of aU the sections of E over M. If is a flat vector 
bundle over M, then we denote the twisted de Rham complex with coefficients in 

Ehy 

_^n'^{M; E)=^ _^C°°{M; (A'r*Af) ® E), 

where A'?T*M is the g-cotangent bundle of M, q > 0. Moreover we write sim- 
ply ni{M)§iTp for niiM-^M x Tp), p > 1, which is equal to lim^_^^ (17« (M) (g) 
[Tp/Tjn))- For any piecewise C°° path £ : [0,1] ^ M and any Ti-valued 1-forms 
ipi,ip2, ■ ■ ■ , & ri^(M)(g)Ti the iterated integral is defined by 

<y5l'^2 ■ • • <y5m = / (t cpi){t (P2) ■ ■ ■ (t ifm) ■ 

Jo 



6 



NARIYA KAWAZUMI 



Let h e n°{M)^T be a T-valued function with dh G n^{M)^Ti. The following 
formulae are well-known, and easy to prove. 



Ji 



2 • • • 



/ {dh)(piip2 ■■■(Pm = / VlV>2 ■■■Vm 

Je Je 
j^ipi ■ ■ ■ ipi-i{dh)ipi+i ■ ■ ■ (fim (1-5) 

Je Ji 



I 



V1V2 ■ ■ ■ Vm{dh) = / ipiip2 ■ ■ ■ ifmh) 



a 



Any Ti-valued l-form ip G 0^(M)(g)Ti defines the connection 

V : Q°{M)§iT f2^(M)§T, u^du-ipu 

on the product bundle M xT. For any picccwisc C°° path £ : [0, 1] 
£t{s) := £{ts), < t, s < 1. Then, from (1.4), the iterated integral 

m times 



M we denote 



Fe{t) = l + Yr , I 



is the horizontal lift of £ through -F^(O) = 1. If the connection V is flat, i.e., tp 
satisfies the integrability condition 

d<p> = ip f\ip, (1.6) 

then F(^{1) is invariant under any homotopy of £ fixing the cndpoints ^(0) and ^(1). 

Next we recall the Maurer-Cartan formula. Let G be a Lie subgroup of the 
general linear group GL(F) for a K-vector space V, and q its Lie algebra q := 
Lie(G') . Suppose the manifold M has a left free transitive C°° action of G. Then 
M is diffeomorphic to G. The global trivialization 



M X ^ TM, 



t=0 



exp{tu)x 



can be regarded as a g- valued l-form r] G ri^(M)(g)g, which is, by definition, the 
Maurer-Cartan form for the action of G on M. 

The Maurer-Cartan form ry satisfies the integrability condition (1.6). In fact, 
choose a point xo & M, and define a C°° map 

F = : M ^ G C GL{V) C End(y) 

by F{gxo) = g fov g G G. Then, for any u G Q and g G G, we have 



t=o 



ex.p{tu)gxo 



d_ 
dt 



t=o 



exp(to) = u = r][ — 



d 

dt t=o 
ex.p{tu)gxo 



exp{tu)g ] g 



that is, 



dF = riF e f7i(M)§End(F). 
This implies = ddF = d{r]F) = {drj — rj A i])F. Hence we obtain 

dr] = r]Ar]G f2^(M)gEnd(y), 
which is just the Maurer-Cartan formula. 



(1.7) 
(1.8) 
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From (1.4) and (1.7) we have 



„^ m times 

gxQ 



+ E ,/ W^eEnd(F) (1.9) 

^ — 'm— 1 / 

for any g € G, where the iterated integral on the right hand side is along any 
piecewise G°° path from a;o to gxQ. 

2. Magnus Expansions and Johnson Maps 

Following [llj we recall the notion of Magnus expansions of a free group in a 
generalized sense. A certain Lie group IA(T) acts on the space of Magnus expan- 
sions, which yields the Johnson maps defined on the whole automorphism group of 
the free group. 

Let n > 2 be an integer, f„ a free group of rank n with free basis xi, X2, ■ ■ ■ , Xn 

Fn = {xi,X2, ■ ■ . ,a;„). 

We denote the first real homology group of Fn by 

:=F„^bci (g,^R^Hi{Fn;R), 

[7] (7 mod [Fn, Fn]) (g)z 1 e i? for 7 e F„, and Xi := [xi] e H ior i, I < i < n. 
For the rest of the paper we write simply (g) and Hom for the tensor product and 
the homomorphisms over the real numbers R, respectively. The completed tensor 
algebra generated by H 

f = f(H) :^ TT°° 

is equal to the ring of noncommutative formal power series M {{Xi,X2, ■ ■ ■ ,Xn))- 
The two-sided ideals 

give a decreasing filtration of the algebra T, which satisfies the condition (1.2). For 
each m we regard H^"^ as a subspace of T in an obvious way. So we can write 

oo 



Z„l = Zq + Zl+ Z2-\ h Z„i + ■ 



ni—0 



for z ~ (zm) Zm & jji^m ^ rpj^^ subset 1+Ti is a subgroup of the multiplicative 
group of the algebra T. 

Definition 2.1 ([11] Definition 1.1). A map 6* : F„ ^ 1 + Ti is a (real- valued) 
Magnus expansion of the free group Fn, if 

(1) : F„ — > 1 -f Ti is a group homomorphism, and 

(2) 9{-f) = 1 + [7] (mod fa) for any 7 £ i^„. 

We denote by 8„ = On.R the set of all the (real-valued) Magnus expansions. 

Now we consider the group Aut(r) of all the filtration-preserving R-algebra 
automorphisms of the algebra T. Here an R-algebra automorophism [/ of T is 
defined to be filtration-preserving if U{Tp) = Tp for each p > 1. The group 
Aut(r) is a (projective limit of) Lie group(s) in a natural way. We denote by 
\U\eGL{H) the isomorphism of iJ = fi/fj induced hy U e Aut(f ). We define 

IA(f ) Ker| • | C Aut(f ), 
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which is a closed subgroup of the Lie group Aut(T). 

liU e IA(f ) and 9 e e„, then the composite [/ o : i^^ 1 + f i 1 + fi is 
also a Magnus expansion. This means the group IA(r) acts on the set 9„. The 
following was proved in [TTl Theorem 1.3 (2). 

Theorem 2.2. The action of the group IA(T) on the set 0„ is free and transitive. 

It enables us to regard the set 0„ as a (projective limit of) C°° manifold(s). We 
denote the Maurer-Cartan form for the action by 

In order to study the Lie algebra LielA(r) we introduce the R-algebra End(r) 
consisting of all the K-linear maps u : T ^ T satisfying u{T,n) C Tm for each 
TO > 1. IA(r) and LielA(T) can be regarded as subsets of End(T) in a natural 
way. A linear map u S End(T) belongs to LielA(T), if and only if u{Ti) C T2 and 
w is a derivation, i.e., it satisfies 

u{ab) ^ u{a)b + au{b) (2.1) 
for any a and b ^ T. Hence the restriction map to H 

LielA(f) ^ Hom(i7,f2), u^u\h 

is an M- linear isomorphism. If we denote H* — Hom(i7, M), then we have an 
isomorphism 

LielA(f) ^ Hom(i7,f2) = iJ* (8)f2 = TT°° H* (g) H'^^p+'^\ (2.2) 

J- J-p— 1 

Immediately from (2.1) follows 

Lemma 2.3. For u and v G LieIA{T) C End{T) denote 

Up, v\h ^ y ^ Vp, and uv\h = > ^ Wp, 
p—i ^ — 'p—i ^ — 'p—i 

where Up, Vp and Wp € H* ® H^iP+^) , Then we have 

p-i 

Wp = ^("s <Xil(8)---(8)l + l<8)Us'8)---(Xil + -- - + l<Xi---<Xil<XiUs)° Wp-s- 

p-s+l 

Let T]p £ C°°(e„; r*e„) (E)H* (g) ^^^(P+i) be the p-th component of the Maurer- 
Cartan form 

oo oo 

?7-^?7p e n\e„)g)UeiA{f) = Y[n\en) g) H* g) H^^p+^\ 
p—i p—i 

By Lemma 2.3 the Maurer-Cartan formula (1.8) is equivalent to 
Lemma 2.4. 

df]i = 0, 
dri2 = {r]i <S) I + I <S) ?yi)?7i 
dVp = Y^^sZli Vs ^l^-'-^lH hl(8)---^l^ ils) Vp-s- (2.3) 

p—s+l 
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As will be discussed in §3, the formula (2.3) suggests a close relation between 
the Stasheff associahedron and the Maurer-Cartan form 77. 

Now we consider the automorphism group of the group Fn, Aut(i^„). We denote 
by \ip\ e GL{H) the induced map on H = i/i(F„;R) by ip € Aut(i^„). Fix a 
Magnus expansion 9 € On- Then the total Johnson map induced by 9 

r« : Aut(^^„) ^ IA(f ), </?^t«((^) 

is defined by 

t" {(fi)-^ o e = \ip\ o 9 o ip-^ (2.4) 
in [TT] §2. For each p> 1, the p-th Johnson map induced by 9 

tI : Aut(F„) ->H*(E) 

is defined to be the p-th component of the total Johnson map r^, i.e., we have 
00 00 
= E ^p('^) ^ Hom(H,f2) = l[H*^ 

p—1 p—1 

From (1.9) and (2.4) we obtain an integral presentation of the total Johnson map 

_ .\^\oeo^-^ rn_times 

T«((^) =l + J2 J (2.5) 

for any ip € Aut (_?"„). In particular, we have 

rliv)^- VI- (2.6) 



Finally we consider a C°° path 9*, \t\ <C 1, on the space 8„. Then there exists 
a C°° path u{t) £ LieIA(f ) such that u{0) = and 6** = exp(u(i)) o 9°. We have 

77(6/(0)) =u (0) and ^ (0)6*0(7) for 7 e F^. Hence we obtain 



t=o 

d_ 



i=0 



\l)^v{9mo\l) (2.7) 



for any 7 G K. Here r;(6'(0)) G LieIA(f ) H* ® T2 acts on 610(7) e f as a 
derivation on the algebra T (2.1). 



3. Stasheff Associahedrons and Twisted Morita-Mumford Classes 

Let p > 1 be an integer. The Stasheff associahedron ifp+i f26' is a finite regular 
cell complex, each of whose cells corresponds to a meaningful way of inserting one 
set of parentheses into the word 123 . . .p + 1 of p + 1 letters. It is homeomorphic to 
the cube One can observe such a way indicates some twisted differential form 

on the space e„. For example, ((123)4) indicates {r]2^^)vi ^ Q'^{Qn)<» H* (g) H^"^, 
((1(23))4) (1 (8) 771 (g) l)(?7i (g) 1)t]i e n^ie„) (g) -ff* (X) H'^^, and so on. Our purpose 
in this section is to construct a p-cochain Y in the double cochain complex 

/ , ,sAut(F„) 
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by assembling the Maurer-Cartan forms 77^ e (fi* (9„) (g) i/* " " , 

s > 1. Here C*{Kp+i) means the cellular cochain complex of Kp+i. The Maurer- 
Cartan formula (2.3) implies ij, is a p-cocycle (Proposition 3.1). Since i^p+i is 
contractiblc, the cocycle Yp induces a twisted de Rham cohomology class 

/ , sAut(F„) 

[ip] e i/P((r!*(e„)®i/*®i/^(p+i)j ). 

This is essentially equal to the twisted Morita-Mumford class hp e HP{Aut{Fn); H*^ 
[TU][TT] (Theorem 3.2). 
In order to construct the p-cochain Yp we fix some notations on the Stasheff 
associahedron -ftTp+i. Let Sp and Sp be the sets of all the cells and the ordered 
cells in i^p+i, respectively. We have the canonical projection Sp —^ Sp, which 
is clearly a 2-1 map. From the definition each element of Sp is regarded as a 
meaningful way of inserting one set of parentheses into the word 12 • • - p -t- 1. For 
any w € Sp we define the degree deg{w) by the number of pairs of parentheses. 
For example deg(((123)4)) = 2 and deg(((l(23))4)) = 3. The dimension of the cell 
corresponding to W is equal to p — deg(w). Following Stasheff [55] we regard i^p+i 
as a subpolyhedron of the same dimension in IP~^ with the standard orientation. 
Thus we consider Kp^i itself as an element of Sp of degree 1. On the other hand, 
let Sp C Sp denote the vertices of Kp^i. We can consider +w and —w as elements 
of ^p. 

Stasheff introduced the face map dk{r, s) : x A'^ -K'p+i for r + s = p + 2 
and 1 < fc < r, to describe the boundary dKp^i. The image dk{r, s){Kr x Kg) is 
the cell corresponding to 1 • • • fc — l(fc ■ ■ ■ k + s — l)k + s ■ ■ ■ r + s — 1. The sign of 
the map 9fc(r, s) is (— 1)'^(''^'^)+'^, namely, we have 

dKp+, = ^(-l)^('^-'=)+"9fc(r,s)(i^, X Ks) e Cp-2{Kp+i) 

as cellular chains in Kp+i. The map dk{r,s) should indicate ±1'*(*^~^) (g) rjg-i (g) 
l<»{r-k) g f7i(e^) (^H*(^ Hom(i?®'-, 7J® ('■+''- 1)). 
For simplicity we write 

da,p'fi ■■= da + l{a + b+l,p' + 1) : Ka+b+l X Kp, + i Ka+b+p' + l 

for a,b > and p' > 1. It indicates ±1«"' (g) ^ (g) e ^^(Qn) <E) H* (g) 
Hom(iJ®('^+^+i),ff®(''+''+p'+i)) and its sign is (-1)(p'+i)''+"+i. We have 

dKp+, = ^(-l)(^+i)(f+'=)+'=+i9fc,,,p_fc_,(i^p_,+i X K,+i). (3.1) 

k.s 

Looking at an innermost pair of parentheses, we find out any oriented cell in ATp+i 
other than ±Kp^i is given by da,p',b{w x Kp>+i) for some integers a,p' , b and w G 
Clearly degda,p\biw x Kpi^i) = degw -I- 1. In our notation the relations 
3(a) and (b) in p. 278 among the face maps are given by 

da+k,s,p'-s-k+b{da,p'-s,b X 1) = 9a, p', 6(1 X dk^s,p'-k-s) ■ 

Ka+b+l X Kpi-s+1 X Ks+1 Ka+b+p' + l (3.2) 

and 

da,p' ,b+c+p" + l{da+b+l,p" ,c X 1)(1 X T) = da+b+p' + l,p" ,c{da,p' M+c+1 X 1) : 

Ka+b+c+1 X Kp'^i X i^p/' + i Ka+b+c+p'+p" + l, (3.3) 
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respectively. Here T : -ftTp'+i x -Kp"+i Kpn+i x Kpi+i is the switch raap. 
Now we can define the map 

inductively on degw by 

Y{±Kp+r) := ±r]p, and (3.4) 

Y{day,b{-W X Kp, + i)) := (_l)«+(p' + l)b+deg-(l®a ^ ^ 

An innermost pair of parentheses is not necessarily unique. We have to prove the 
definition (3.4) is independent of the choice of innermost pairs. 

It suffices to compute the sign related to the twisted 2-form l®°-(^r]p'(^l^''(^r]p" (S) 
1®^ in two different ways. Let w be an element of Sa+b+c+i- By a straightforward 
computation one can obtain 

= (_l)(p' + l)(b+c) + (p" + l)c+b(^®a ^ ^, ^»b ^ ^ l'»'=)Y{w) 
= Y{da+b+p' + l,p",c{(^a,P',b+c+l X 1)(m' X Kp>+i X iiTp/z + i)). 

The restriction Yp := y|^^ : Sp (n*(e„) O il* O iJ^^P+i))^"*^^"^ can be 
regarded as a f)-cochain of the double complex 

C*;* = C*{Kp+,; (fi*(e„) ® if* ® ). 

The Maurcr-Cartan formula (2.3) implies 
Proposition 3.1. 

{dY){w) = {SY)iw) 
for any p> I and w £ Sp. In other words, Yp € C^^J is a p-cocycle. 

Proof. We prove it by induction on degw. By (2.3) and (3.1) we have 

{dY){Kp+,) = drip = ^(l®'^ ® r?. ® l®(f-«-'=))77p_« 

k.s 

= Y,{-l)^^+'^^P+''^+''+'Y{dk,s,p-k-s{Kp-s+i X i^.+i)) 
= YidKp+,) = {SY)iKp+,). 
Assume w G Sa+b+i satisfies the proposition. We have 
dY{da^p',b{w X JsTp'+i)) 

+ (_l)a+(p'+l)6+deg«;+l(^®o ^ ^ l®'')dy(w). 
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Then from the Maurer-Cartan formula (2.3), (3.2) and (3.1) foUows 

(-1)P'^(1»'^ ® drjp, ® l'^^)Y{w) 

k,s 

= 5](-l)'+<'+'^''''"'^ + 'i^(5a+fc,.,p'-.-fc+6(9a,p'-.,6 X l){w X Kp,^s+1 X Ks+l)) 
k.s 

= J2^-l)''+^'+'^^P'-''^ + ^Y{da,p',b{^ X dk,s.p,-k-s){w X X i^,+i)) 

k,s 

= y{da.p'fi{w X axp'+i)). 

By the inductive assumption we have 

(1®° ® r]p, ® l®^)dY{w) = (l^'^ ® rip, ® l®^)((5F)(u;) 
= (1«° ® V ® l^'')>'(aw) = (-l)"+(P'+')''+'^"S"'+'y(aa,p',b((9u;) X Kp,+i)). 
Therefore we obtain 

dY{da^p',b{w X Kp,+i)) 
= {-lT+''-''''^^'Y{da^p,.b{w X dKp,+,) + Y{da,p.,b{{dw) X Kp,+^)) 
= y{da,p\bd{w X ifp'+i)) = Y {d{da,p' ,b{w x ifp'+i))) 
= {5Y){da,p' ^b{w X ifp'+i)). 
This completes the induction. □ 
We define 

wl-.^ ((((12)3)..-)P + I)e^p"c^p. 

Then degw" = p and Wp = 9o,i,p-i(^p-i ^ -^2)- Hence we have 

Ypi^D = (-l)3P(P-i)(7^i® l»(P-i))...(,7i® l)ryi 

= (-l)3P(f-i)^p^(r,i«f) e f^^(e„) ® i/* ® (3.5) 

where Cp : [H* ® H'^^)'^p H* ® is a GL(i7)-homomorphism indicated 

by llj §4. In ibid. Theorem 4.1 we proved 

hp = ^p,([Tf]^^) e i/^'(Aut(F„);i7* ® i7«(P+i)) (3.6) 

for any p > 1. Here is any Magnus expansion and hp is a cohomology class 
introduced in ibid. §4. The restriction to the mapping class group M.g^i of genus 
g with 1 boundary component is essentially equal to the (0,p + 2)-twisted Morita- 
Mumford class pOl 

(p + 2)! hp\M,,, = mo,p+2 G HP{Mg^i;H* <g> if«(p+i)) 

[TT] (5.8). As was shown in [21], [Mj and [15], each of the Morita-Mumford classes 
Ci is obtained by contracting the coefficients of the twisted ones in a suitable way 
using the intersection form on the homology group of the surface. 

Let M be a connected C°° manifold, / : tti{M) Aut(F„) a group homomor- 
phism, and f : M ^ Q„ an equivariant C°° map of the universal covering space M 
of M into 0„ with respect to /. Then we obtain the puUback 

fYp e C*(i^p+i;17*(Af;iJ* ®iJ®(f+i))) 
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for any p > 1. Hence we reg ard H* O as a flat vector bundle over M 

through the homomorphism /. Since -fl'p+i is contractible, an isomorphism 

H*{C*{Kp+i;n*{M-H* ®H®^P+^'^)))=H*{M;H* ®H®^P+^'^) (3.7) 

holds and maps [PYp] to the twisted de Rham class {-l)^'^'^'^~^\p^{[r]if^)- From 
(2.5) and (3.6) we have hi = -[rji] € H^{M;H* (g) iJ®^). Therefore we obtain 

Theorem 3.2. 

f*[Yp] = (-l)5P(P+i)7*/ip g HP{M; H* O iI®(P+i)) 
under the isomorphism (3.7). 

Let Mg_i be the moduli space of triples (C, Pojt') of genus .g > 1, where C is a 
compact Ricmann surface of genus g, Pq G C , and v a non-zero tangent vector of C 
at Pq. It is known that Mg i — BM.g_i. In Part II we will construct an equi variant 

real analytic map 9 : Mg i we call the harmonic Magnus expansion 

(§§4-6) and compute the pullback 6*r]p in an explicit way (§§7-8). 



Part 2. Harmonic Magnus Expansions 

4. Fundamental Group with a Tangential Basepoint 

Let 5 > 1 be a positive integer. In §§4-6 we construct the harmonic Magnus 
expansion of a triple (C, Pq, v) of genus g 

^(^'^'"'') : 7ri(C,Po,i') -> 1 + Ti(i?i(C;R)), 

where C is a compact Riemann surface of genus g, Pq € C and v G Tp^C \ {0}. 
7ri(C, Pq,v) is the fundamental group of the triple (C, Pq, w), which will be defined 
in this section as the fundamental group of the complement C \ {Pq} with the 
tangential basepoint v. Moreover T = T{Hi (C; R)) is the completed tensor algebra 
generated by the first real homology group Hi (C; M) of the Riemann surface C 

f (i?i(C;K)) := TT°° iJi(C;IR)®'". 

■'--'■m=0 

The two-sided ideal Tp(ffi(C;M)) for each p > 1 is defined as in §2. 

Up to §6 we study a single triple (C, Pq, v). So we write simply H = Hi{C; M), 
f = f{Hi{C;R)) and fp = fp{Hi{C;R)). 

Now we define the fundamental group tti (C, Pq , v) of the triple (C, Pq , f ) ■ We 
denote by £{C, Pq, v) the set of all the piecewise C°° map ^ : [0, 1] — > C satisfying 
the conditions 



e{]o,i[)cc\{Po}, 

£{0) = = Pq, and 



(4.1) 
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For £o and £i £ £{C,Po,v) we define £o ~ ii if there exists a piecewise C°° map 
L : [0, 1] X [0, 1] C such that 

L(]0,l[x[0,l])cC\{Po}, (4.2) 
L(0,s) =L(l,s) = Po, Vse[0,l], 
dL dL 

— (0,s) = - — (l,s)=«, Vse[0,l], and 
L{t,Q)=£o{t), L{t,l)^ii{t), Vte[0,l]. 
Clearly ~ is an equivalent relation. We call the quotient set 

the fundamental group of the triple (C, Pq , v) (with the tangential basepoint 
v). The set 7ri(C, Pqj ^^) has a natural group structure isomorphic to the free group 
of rank 2g, F2g. Its abelianization is naturally isomorphic to the first integral 
homology group of C \ {Pq} and that of C 

7ri(C,Po,«)"'^'=' = i/i(C\ {Po}; Z) = ffi(C; Z). 

We choose a symplectic generator {a^i}^^]^ of the fundamental group tti (C, Pq , f ) . 

It gives an isomorphism F2g tti (C, Pq , w) . A negative loop arround Pq gives a 
word 

nf -1 -1 

The first real homology group has the intersection number • satisfying 

■ ^g+j = Slid Xi ■ Xj — Xg-^-i ■ Xgj^j = 

for 1 < j, J < 5, where Xi = [xi] e iJ as in §2. The intersection form / is equal to 

I = ^{^i^g+i ^ Xg^iXi) G H®"^ . 

The Poincare duality d = C^[C] : H* ^ iJi(C;M) ^ H ^ Hi{C;R) and its 
inverse are given by 

'd:H*^H, ^^-{(,^ ^h){I), and (4.3) 

respectively. For details, see [11] §5. Throughout Part II we identify H and its dual 
H* by the isomorphism ??, which is equivariant under the action of the mapping 
class group. 

Any element u = "^i-^i & T^H = Ti,UiET, induces a derivation intiu) 

on the algebra T. In fact, for any Zj (z H , 1 < j < we define 

int{u) {Z1Z2 ■ ■ ■ Z,n) ■= int{u){Zi)Z2 • • • Z,„ H h ^1 • • • Z„i_iwi(u)(Z,„) 

and int(u){Zj) :— Y^'^^Ui{Xi ■ Z). Thus we obtain a linear map 

int : fi Der(f ). 

The m-th symmetric group &m acts on if"^™ by permuting the components. We 
define a linear automorphism e of Ti by 

I / 1 2 • • • m — 1 m\ , . . . 

sU™:=L 3 ... ^ J. (4.4) 



HARMONIC MAGNUS EXPANSION 



15 



It is easy to show 

int{u){I) ^ eu — u, (4.5) 
which seems to be related to [22] Proposition 4.6, p. 366. 

As in (2.2) the space Hom(_ff, T2) = H* (g) T2 can be regarded as a space of 
derivations on the algebra T. From (4.3) this action coincides with the composite 

Hom(i7, fa) ® fa ^ iJ (g) fa ^ fg ^ Der(f ). (4.6) 

5. The Connection 1-form uj 

In §6 we will construct the harmonic Magnus expansion of any triple (C, Pq, v) of 
genus g > 1 by using Chen's iterated integrals ^3j, whose integrand is a real- valued 
connection 1-form 

u; e AiiC) g fi = Al,{C) § fi(iIi(C; R)) = TT" , ^k(^) ® ^i^^"; R)^" 

singular at the point Pq: constructed in a canonical way in this section. Here we 
denote by A^{C) the real- valued 1-currents on C. 

We begin by recalling some results on a Green operator for the compact Riemann 
surface C of genus g. For q > we denote by A*(C) the complex- valued g-currents 
on C. The Hodge ^-operator * : (T^C) (g) C ^ (T^C) g) C on the cotangent bundle 
of C depends only on the complex structure of C. The —\/— 1-eigenspace is the 
holomorphic cotangent bundle T*C, and the \/~ 1-eigenspace the antiholomorphic 
cotangent bundle T*C. We have an exact sequence 

O^C^ A%C)'^^ A^iC) he -^0 (5.1) 

The vector space C on the left side means the constant functions. A Green oper- 
ator 

$ ^ $(c,Po) . ^2^^) ^ A"{C)/C 

is defined by 



d*d<i>n = n- njSo (5.2) 

for any Q e A'^{C). Here So = 6p„ : C°°{C) C, f ^ /(Po), is the delta current 
on C at the point Pq. 

The operator $ gives the Hodge decomposition of the 1-currents 

If = H(p + d^d * ip + *d^dip (5.3) 

for any (p e A^{C), where H : A^{C) A^{C) is the harmonic projection on the 
1-currents on C. 

The Hodge ^-operator decomposes the space A^{C) into the ± \/— 1-eigenspaces 

Ai(C) = Ai'°(C)®^°'i(C), 

where A^''^{C) is the — -y/— 1-eigenspace and A*''^(C) the \/— 1-eigenspace. Through- 
out Part II we denote by (p' and (p" the (1,0)- and the (0, l)-parts of S A^(C), 
respectively, i.e., 

If = if' + If" , — —\/—lip' + \J ~\lp" . 

If if is harmonic, then ip' is holomorphic and anti-holomorphic. 
Our purpose is to define a connection 1-form 

w e A^(C)®fx 
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for any pointed compact Riemann surface (C, Pq) in a canonical way. If G 
A^{C)^f = nm=o^^(C) ® is a f- valued g-current, then we denote by ip^m) 

the m-th homogeneous term of (p 

^ — 'm—0 

In §7 we have to evaluate the function $il at the point Pq. Of course, $51 has 
not necessarily its own value at the singular point Pq for any 2-current fl. Hence 
we need to introduce some appropriate function spaces. Our consideration is based 
on the following result which Ahlfors and Bers used to prove Riemann's mapping 
theorem for variable metrics (P] Lemmas 1 and 3, p. 386). 

Theorem 5.1. Let p > 2. If f is a distribution defined on an open subset in C, 
and its derivative is locally , then f itself is a Holder continuous function of 
class 

We define the spaces E^{C), E°{C) and E^^iC) by 

E\C):^ fl LP (C; (r^C)0C), (5.4) 

2<p<oo 

E"{C):^ Pi C70+(i-2/p) (C; C) , 

2<p<oo 

E",{C,Po) := {/ G E°{C); /(Pq) = 0}, 

respectively. Then, for any ip e E^{C), ^dip is contained in i?°(C) up to translation 
of constant functions. In fact, the (0, l)-part satisfies 

2V^*V = {d^d * + * d<^d)p" = (1 - H)ip" e E\C), 

which imphes ^dip" G E^{C) by Theorem 5.1. Similarly we have ^d(p' e E^{C). 

Hence we may regard ^d as an operator E^(C) — > E'^{C)/C, and may normalize 
it by 

($dv?)(Po)=0 (5.5) 

for any ip E E^{C), namely, we consider it a linear map ^d : E^iC) Eq{C, Pq). 

Now we define the m-th homogenous term u!(^„i) G A^{C)^H'^"^ of the connection 
form Lu by induction on m. The first term a;(i) € A^{C) (g) H comes from the real 
harmonic 1-forms on C. As in §4 we choose a symplectic basis {Xi}f^^ of H. Let 
{^il^^i be the basis of the real harmonic 1-forms on C whose cohomology classes 
1 ^ * ^ 2g, form the dual basis of {X}^£i, i-e., 

£,i = Si J 

for l<i,j< 2g. We have - -Xg+,, ^[^g+,] = X, 

6 A Cg+i = Si^j, and / C» A = / ^g+t A Cs+j = (5-6) 



c 



for I < i,j < g. We define 



g 

i^il) '■= ^ ^iXi + ^g + iXg + i. (5.7) 

i=l 
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Clearly it is independent of the choice of a basis {Xi}^£^, and satisfies 

.(1) = M ei/ = i/i(C7;R) (5.8) 

for any I e £,{C,Po,v). The harmonic projection H : A^{C)(g)f A^{C)§)f is 
given by 



'Htp = -\^J (/3 A LJ(i) j • (5.9) 

for any ip £ A^{C)i^T. In fact, if H(p = J2i=i^i^i + Viig+i^ Xi.yi G T, then the 
right-hand side of (5.9) is 



ip A • = - (^jjjip) A • W(i) 



g+3 '^(1) 



= - \ Y1 ^i^g+i - Vi^ij ■ \ + ig+3^g+3j = Yl ^'^^ + ^'^9+* " 

Moreover we have 

/ A = yf_ Xag+, - Xg+,X, = I. (5.10) 
Jc 

Now we define a;(m) for to > 2 inductively by 

^^(m) := *d$(w A w)(„) = ( 2^^^^ ^(p) A c^(,„_p) j . (5.11) 
Then immediately we have 

duj = u A Lo — I So, (5.12) 

*d^{uj /\ ut) — uj — uj(^iy (5.13) 

Next we study the regularity of the connection form ajj^) . We use the following 
classical result, whose proof one can find in Bers' lecture note 

Theorem 5.2. f[17| [16j) Let f be a distribution defined on an open subset in C. 
Suppose f— is Holder continuous of class C'+", a g]0, 1[, I G Z>o. Then f is of 
class C^+^+°' . 

Clearly the harmonic form wji) is of class C°° on the whole C. Theorem 5.2 
implies uj(m) is of class C°° on C — {^o} for any to > 2. Hence it suffices to study 
the regularity near the point Pq- 

Immediately from Theorems 5.1 and 5.2 we have 

Corollary 5.3. Let f be a distribution defined on an open subset in C. Suppose 
d * df{= 2\/—lddf) is locally L^ for any p g]2, -|-c»[. Then f is Holder continuous 
of class C^^" for any a g]0, 1[, and *df of class C*'^". 

We fix a complex coodinate z of C centered at Pq • In the polar coordinates 

z = re^", r em>o, 6* = argz G m/2nZ, 



18 



NARIYA KAWAZUMI 



the 1-current 



—dO = —d&isz 
2tt 2n ^ 



dz dz 



satisfies 



4-77 -v/^ V z 



1 



—] log \z 



1 



27r 



00 



27r 



d I — dO ] = d \ — (iargz 



1 



2-K 



(5.14) 
(5.15) 



near Pq- In fact, we have 

di—dO ] / = 



|^|«i 



1 



271- 



|z|«l 



1 

2^" 



de] hdf 



Um 



1 



^6* A (i/ = lim 



27r 



/(^)rfe = /(Po) 



for any C°° function / with a compact support near Pq. From (5.12), (5.13) and 
(5.15) the 1-current 

W(2) := W(2) - ^Ide 

is of class C°° near Pq. 

For the rest of this section we prove 

Proposition 5.4. Let z = re^^^ be a complex coordinate of C centered at Pq as 
above. Then 

(1) uj(i) is of class C°° near Pq. 

(2) a;(2) is of class C°° near Pq . 

(3) For m > 3 we have some polynomial Um{s) € if®" (g) C[s] o/ degree < 
i(rn — 1) SMc/i i/iai 



^{m) - *d (wm(l0g 1^1)^ + Um(l0g \z\)z^ 



is Holder continuous of class (7°+" near Pq for any a g]0, 1[. 
(4) For m> 3 we have some constant Cm > such that 



Jim) 



Jim) 



< Cm|log|^; 



|[(m-l)/2] 



near Pq . 



Proof. (1) is clear. (2) was already shown. To prove (3) and (4), we need the 
following, which is obtained by straightforward computation. 

Lemma 5.5. For any polynomial c(s) e C[s] we have 



(1) *d{c{\og\z\)z) 



1 



1 c(log \z\) + -c'(log \z\) dz + V^c'(log \z\)-dz, 



2z 



(2) d * d(c(log \z\)z) = (^c'(log \z\) + ic"(log 1^1)) dz A (^^dz^ , 



(3) 



2n 



d0 ] A *d(c(log \z\)z) = — c(log \z\)dz A ( -c?z 
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Now we prove (3) and (4) by induction on m > 3. Our proof for a;(3) and <x'(4) is 
slightly different from that for co^m) for Tn> 5. Here we should remark 

/ /\U}(m-q) = (5.16) 

Jc 

for any q, 1 < q < m — 1. 

First we study W(3). The value of the real form cj(i) at Pq, W(i)(Po); is given by 

W(i)(Po) = wi{dz)p„ +W[{dz)p^ 

for some wi € H iSi C From Lemma 5.5(2) we have 

widz A ( —do\ = ^ ^ w\dz A — = —d * d(w\z\o^ \z\). 



Hence, if we define 



then 



U3(s) := —{wil - Iwi) G H'^^ (g) C[s], 
47r 



W(l) A (^-^If^^^ + (^'^^^^^ ^ '^(1) ~ * ^ (w3(l0g \z\)z + U3(l0g \z\)z^ 

and 

W(i) A W(2) + u;(2) A - d * d (^■U3(log |2:|)2: + M3(fog \z\)zj 

= d*d ($(w A uj)(3) - (usilog \z\)z + U3(log \z\)zj^ 
are bounded near Pq. From Corollary 5.3 

W(3) - *d (u3{\0g \z\)z + ■U3(l0g \z\)z^ 

is Holder continuous of class C^+" for any a e]0, 1[. Clearly degU3(s) < 1. Prom 
Lemma 5.5(1) we have some constant C3 > such that 



*d(u3(log|2;|)2;) ( ^ 



< C3I log|^;| 



near Pq. This proves (3) and (4) for the case m = 3. 
Next we consider the case rn = 4. The 2-current 

U!(2) A cj(2) - oj{2) A -^Id9 - -^Idd A W(2) 

is of class C°° near Pq. The value of 5(2) at Pq is given by 

^^(2) (^o) = W2 {dz) p^+W2 (dz) 

for some W2 S H®'^ ig) C. By a similar argument to that for lO{^) , if we define 

Ui{s) := (W2/ - /«;2) e if®^ ® C[s], 
47r 

then 

LJ^2) A '^(2) — * d ^U4(log 1^1)2: + U4(log \z\)z^ 
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is bounded near Pq. On the other hand, by the assertion (4) for tU{3), the 2-current 
a;(i) Aa;(3) +a;(3) Aa;(i) is for any p < +00. By (5.15) (a;Aa;)(4) = d*d^{ojAoj)^4,y 
Hence 

{lo a '^)(4) — d* d ^W4(log 1^1)2: + W4(log l-^D^j 

= d* d ^$(0; A w)(4) — ^'U4(log \z\)z + U4(log |2;|)^^^ 

is LP near Pq for any p < +00. Prom Corollary 5.3 

a;(4) — *d ^'U4(log \z\)z + 'U4(log \z\)z^ 

is Holder continuous of class C°+" for any a e]0, 1[. Since degU4(s) < 1, we have 
some constant C4 > such that (^)| < C'4|log|2|| near Pq, as was to be 
shown for the case m = 4. 

Finally we suppose m > 5. Prom the inductive assumption we have some 
Wm-2(s) e o C[s] of degree < (m - 3)/2 such that 

'^(m-2) := W(to-2) - *d (um-2{l0g \z\)z + MTO_2(log \z\)z^ 

is Holder continuous of class C°+" for any a e]0, 1[. If we choose a polynomial 
Um-2{s) satisiying 

U'm-2{s) + ^C-2(s) = ^^J^ Mm-2(g), 

then, from Lemma 5.5, we have 

*rf(Mm-2(log|2;|)z) A (^^^^^ = c'*rf(Wm-2(l0g|2;|)2;) 

The value of the real form L0(m-2) at Pq is given by 

'^(m— 2) (Po) = Wm-2(dz)p„ + W„i-2{dz)p^ 

for some Wto-2 G if®™-2 (g, From the Holder continuity of iO(jn-2) 

\z\~°' {u)(ni-2) - Wm-2dz - ^^-2'^^) 

is bounded near Pq for any a e]0, 1[. Hence 

(t^(m-2) - Wm-2rf2 - Uh^dj) A (^^^^^ 

is Z/^ near Pq for any p < +00. If we define 

s s 

Um{s) ■■= { — Wm-2 + Um-2{s))I - I{ — Wm-2 + Um-2{s)), 

then 

'^(m-2) A UJ(2) + UJ(2) A W(m-2) -d*d {um.{\og \z\)z + Um(log \z\)i^ 

is LP near Pq for any p < +00. Prom (5.16) and the inductive assumption for (4) 

the 2-current Ep^2,m-2 ^{p)^'^{m-p) =d*d (T,p^2,m-2 ^(p) ^ ^{m-p)) is LP near 
Po for any p < +00. Therefore 



(w A a;)(^) -d*d (um(}og \z\)z + ^^(log \z\)z^ 
d*d(^^{u Aui)^^) - (um{log\z\)z + Um{log\z\)z^^ 
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is also LP near Pq for any p < +00. From Corollary 5.3 

- *d (um{l0g \z\)z + M„i(log \z\)z^ 

is Holder continuous of class (7"+" for any a g]0, 1[. Since degWm(s) = degUm-2{s) < 
^(m — 1), we have some constant Cm > such that 



(m) 



|[(m-l)/2] 



< Cm |l0g|^|, 

This completes the induction. □ 

6. The Harmonic Magnus Expansion 

As in the previous sections let (C, Po,v) be a triple of a compact Riemann surface 
C of genus g > 1, Pq € C and v e TpgC \ {0}. We define the map 

by the improper iterated integral 

f f f 00 . TO times 

^(7) := 1 + / (J + I oju) + I ujojuj H = 1 + / 'uJUJ • cJ (6.1) 

of the connection form w constructed in §5 along a loop £ G ^(C, Pqi ^^)- 

We have to prove the improper integral converges. For any I G il(C, Pq i 'f^) and 
1-forms ifi,. . . , ifm on C \ {Pq} we have 

fi-'-fm < / irt^ii X ••• X |r<^„| (6.2) 

Hence it suffices to show the following. As in the previous section we fix a complex 
coordinates z of C centered at Pq. 

Lemma 6.1. The 1-form i*ui(^m) is integrable on the interval [0, 1] 

/ K*a;(„)|<+oo 
Jo 

for any £ e £(C, Po,v) and m> 1. 

Proof. It is clear for the case m = 1. To study £*uj(^2) we expand x{t) = 3?z(£(i)) 
and y{t) = ?sz{i{t)) in Taylor polynomials 

X{t) = Xit + X2t'^ + oit"^) 

y{t) = yit + y2t' + o{e). 

Then xi"^ + yi"^ 7^ because {di/dt){0) = v ^ 0. Substituting them into d9 = 
{xdy — ydx)/{x'^ +2/^)) we have 

xi^+yi^ + o{l) 

This means t*dO is contiuous on [0, 1[. Similarly we find l*d9 is contiuous on ]0, 1]. 
Since a5(2) = W(2) ~ '^^'^^ of class C°°, t'uj{2) is continuous and integrable on the 
interval [0, 1] . 
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Now we study the case m > 3. From Proposition 5.4 (4) we have some constant 
C' > such that 



(^*W(m)) 



< C;,|logi|[('"-i)/2l near i = 0, and 

< C;,! log(l - f)|[('»-i)/2] near t = 1. 



Since Jg^ | logfll^"* ^^/^Irft < +oo, the 1-form £*u)(^rn) is integrable, as was to be 
shown. □ 

Next we prove the homotopy invariance of 6{i). 

Lemma 6.2. If £o and £i € £(C, Po,w) are homotopic to each other in the sense 

of then we have 6'(£o) = Oih) € f. 

Proof. Let a picccwisc C°° map L : [0, 1] x [0, 1] ^ C be a homotopy connecting Iq 
and £i as in (4.2). For any t e [0, 1] we denote kt{s) := L{t, s), s G [0, 1]. It suffices 
to show 



hm 



-'(m)l 



lim 







(6.3) 



for any m > 1. In fact, the connection form to satisfies the integrabihty condition 
(L) = coAu}onC \ {Pq} from (5.12). Hence we have 



/ {ii*<^)---{ii*u;)] 1+^ 



OJ ■ ■ - UJ 



m=l 




Prom (6.3), (6.2) and Lemma 6.1 we have e{£i) •1 = 1- e{£o) as e i 0. 



Now we will prove limj i o 



k 1^ 



'(m) 



0. One can prove limtn 



k 1^ 



'(m) 



= 



in a similar way. The 1-forms L*tj(i) and L*uj(2) arc C°° on [0, 1] x [0, 1] and the 



limtio 



L 1^^(2)1 



= 0. 



path /co is constant. Hence limtio Xc^ 

Prom the second condition of (4.2) there exists a C°° function L{t, s) satisfying 
{z o L){t,s) = tL{t,s) near t = 0. By the third condition L{0,s) is a nonzero 
constant. If we define fcj : [0, 1] ^ C by fct(s) := L(t, s), then fct*(d6') = kt{d0) is 
of class C°° on [0, 1] x [0, 1] and the path ko is constant. Hence limtj^o /^^ \d9\ 



limtio 



k l'^(2)l 



= 0. 



Consider the case m > 3. Clearly we have {d{z o L)/ds){t,s) = t{dL/ds){t,s). 
Prom Proposition 5.4 (4) we have some constant > such that 



<0|logi 



[(m-l)/2] 



for any {t,s) G [0,1] x [0,1]. This implies limtjo J^.^ \'^im)\ 
shown. □ 



0, as was to be 

□ 
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Consequently the iterated integral (6.1) defines a group homomorphism 

e = ^(^'^a-") : 7ri(C,Po,v) ^ 1 + fi, [£] ^ 0{£), 

which is a Magnus expansion of the free group 7ri(C, Poj^") because of (5.8). We 
call it the harmonic Magnus expansion of the triple (C, Po, ^')- 

We conclude this section by studying how the harmonic Magnus expansion 
0(c,Po,v) depends on the choice of the vector v. 

Proposition 6.3. Let £ : [0,1] ^ C be a piecewise C°° path satisfying the condi- 
tions 

£(]o,i[)c{o<|0|«i}, 

£{0) = £(1) = Po, 

|(0)^0, and f(l)^0. 



Then we have 

m) =)i 



oo „ 



exp 



- / dargz 



In particular, the word wq given by a negative loop arround Pq has its value 

e{wo) = exp(-/) e f. 

Proof. For any p e]0, i[ there exist some Up and bp £ C such that the path t G 
[p, 1 — p] I— > z~^{e'^''*^''>') e C is homotopic to the restriction £\ p,i_p] relative to the 
endpoints {p, 1 — p}. We define a piecewise C°° path £p : [0, 1] — > (7 by 



z-'^{e°'p*+''p), 



on [0,p]U[l-p,l], 
on [p,l- p]. 



9{£p) = limp^o 0{£p). 



From the homotopy invariance of Qi'^^P"^^) we have 9{£) 
Clearly we have ^ dargz ~ ^ J( daigz, which we denote by sq- 

Since i'*u;(„j) is integrable on [0,1], we have limpjo /o' + /i-p) = 0- 

Moreover we have some constants Ci > Co > such that Cqp < \z{£p{t))\ < C\p 
for any t & [p,l — p]. If m > 3, then we have some constant C'^ > such that 



I 



< C'^p\\ogp\ 



[(m-l)/2] 



from Proposition 5.4 (4). Hence we have 

lim [ \£p*u;^rn)\=0 
Pi-^ Jo 

for any m > 3. Clearly we have 



lim 



[ =lim / IV'^(2)I 

Jo Pi-^ Jo 



0. 
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Consequently, from (6.2), we obtain 

m/2 times 



— Idaxsz 

2lT ^ 



\\m9{to) = lim / ( —Idais; 

Pio ^ " pio 4 \2n 

m/2 times 

/'■so . ^ . 1 

m: even m: even 

as was to be shown. □ 

7. QUASICONFORMAL VARIATION OF HARMONIC MAGNUS EXPANSIONS 

Let (C, Pq, v) be a triple of genus g > 1, and 2 a complex coordinate of C centered 
at Pq as in the previous sections. Moreover let (Ct, Pq*, Vt), t gR, \t\ <C 1, be a C°° 
family of triples of genus g satisfying (Ct, Po*, vt)\.. = (C, Po,v). Then the family 
{Ct, Pq* ,vt) is trivial as a C°° fiber bundle over an interval near t = 0. Hence we 
have a C°° family of C°° diffeomorphisms 

/* : {C,Po,v)^{Ct,Po',vi) 

satisfying /° = 1{c,Po,v)- We may assume {df)po ■ (T]rC)po {TRCt)pt preserves 
the almost complex structures on the tangent spaces at the points Pq and Pq for 
any t. This means 

f%{Po) = (7.1) 

for any teR, \t\ < 1. 

In this section we compute the first quasiconformal variation 

6»:=^ 0t:MC,Po,v)^f 

dt t=o 

of the C°° family of Magnus expansions 

Ot := ifr (^(^"^0.-.)) : 7ri(C,Po,^;) ^ f . 
In general, if Q = Ot is a "function" in f e M, \t\ <^ 1, then we write simply 

at t=o 

For example, we denote 

m(/*)- 



d 

/i := — 
dt 

Here /u(/*) is the complex dilatation of the diffeomorphism /*. Let zi be a complex 
coordinate of C, and Ci of Ct- The complex dilatation /u(/*) is defined locally by 

dzi (Ci o ./*)zi dzi 

which does not depend on the choice of the coordinates zi and ^i. From (7.1) we 
have 

A(Po) = 0. (7.2) 
To state our result we introduce linear maps N and /V" : Ti ^ Ti by 

n 1 — .^m— 1 . ^ 1 

N\H<i>m —l+e + e^ ^ |-e™-i = \ , and N\H®m := —N, 
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respectively. 

Applying the map N to the fs-part of the square uj'lj' E C°°{C\{Pq}; {T*C)®'^)®f2 
of the (1, 0)-part of the connection form lo, we obtain a covariant tensor N{lj'lj') G 
C°^{C\{PQ}-{T*C)®'')®f2. 

Lemma 7.1. The covariant tensor N{lu'lu') is holomorphic on C\{Po}. Except for 
the case m — A N{uj'uj'){^m) has a pole of order <\ at the point Pq, while N{(jj'u>')(^4) 
a pole of order < 2 at Pq. 

Proof. On the complement C \ {-Pq} we have duj = uj A lo, i.e., 
This implies 

p+q—m 

pl+P2+q—m 

+N <P} ^ ^fe)) + <P) ^ ^m) 

p+qi+q2=m 

= ^ E (-(.)-(p.) « -(P.)) - ('-(P.)-(.) ® ^iP.)) 

pl+P2+q—m 

+N Yl <pA,.) ® - ^^'^ {^(,. Ap) ® 
p+qi+q2=m 

a+b+c— m 

Hence N{uj'oj') is holomorphic on C \ {Pq}. 

If TO 7^ 4, then, from Proposition 5.4, we have lim^^o \z\'^N{^'^')(m) — 0, and 
lim^^o \z\'^'^'^N{llj'llj')(^4^^ — for any e > 0, which implies the second half of the 
asserion. This proves the lemma. □ 

Our result is 

Theorem 7.2. 

^(7) = int (^J 2n (^I^N{uj'uj') - 2w[i)w[i)) A^^ 0(7) e f 
for any 7 G Tri{C,Po,v). 

Here we regard N{Lo'Lo')ti as an integrable 2-current on C by (7.2) and Lemma 
7.1. The second homogeneous term of N{iu'uj') is 2a;'(i)ijj'(i), which coincides with 
the first quasiconformal variation of the period matrix of Riemann surfaces given 
by Ranch's variational formula 

The rest of this section is devoted to the proof of the theorem. We begin our 
computation by recalling the first variation of the Hodge ^-operators. We write 
locally 

dzi 

in a complex coodinate zi of C. 
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Lemma 7.3. 

di 



Proof. Let be a complex coordinates of Ct which is of class C°° in the variable 
t, and satisfies (i = zi. Then we have 



= {fn*c,+v-mfTrdzi 
= {fn*c, + v^) {{zi o {f)-%dci + {zi o {f)-\dci) 

Since limt^o{zi o (/*)~^)^ = linit^o(Ci ° P)zi = Oi ^e obtain 



lim i ((/*)* i{f)-'rdz^ - *dz,) = 2s/^ (lim \ ({z, o o dW- 

w 

liml((zio(/*)-^)^o/*)=-A(zi)- 



t 

Hence it suffices to show 



Now we have 



= (zi)-=(zio(.f)-'of) 



Zl 



= ((^1 o (/*)-')c| ° /*) (C^ o ((^1 o ° /*) (CI o /*)^- 

This implies 

lim \ {{z, o o /*) = lim i ((^1 o o /*) (CRfW 

= - lim 1 [{z, o if)-% o /') id o /*W = - l™ ^(C^ o /*W 

= - lim -^n{f){z,){Cl o = -A(^i), 

as was to be shown. □ 
We define a linear operator S = S[Ij] : A^{C) A^{C) by 

S{ip) = S{<p') + S{<p") := -2(p'A - 2^"A, 

for (fi = if' + ifi", ifi' e A^'°{C), if" e AO'i(C). Here, if (p' = ip'{zi)dzi and 
tp" = ip"[zi)d'z\ locally in a complex coordinate z\ of C, then we have locally 



-2(^'A = -2ip' {zx)ij'{zi)d;zl, and - 2p"ij. = -2ip"{zi)ij'{zi)dzi. 

Clearly S{A^'"{C)) C A"^'^{C), S{A°''^{C)) C ^^■°(C), and S is a real operator, i.e., 
S = S. From Lemma 7.3 wc have 

i^ = *S=-S*:A\C)^ A\C). (7.3) 

It is easy to show 

{S<p) A'tp = -<pA {SiIj) (7.4) 
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for any (/? and tp £ A^{C). From (7.2) w'A and u)"li are bounded near the point Pq. 
Hence we have 

Su> G E\C)®f, 

where E^{C) is the function space introduced in (5.4). 

To describe the first variation of the connection form w we introduce a linear 
map U : E\C)%f A\C)^f by 

Uip := [u),^d* ip] = u){^d * ip) — i^d * ip)u) 

for (fi e E^{C)®T. This U appears only in this section, and is completely different 
from the 5'p2s(M)-module h^H/H in §8. 

Lemma 7.4. For any ip € E^{C)®T we have 

(1) e E\c)^f = (n2<p<^^'' (^M^) ® c)) §f , 

(2) d{Uip) = {U(p - d^d* ip) Au) + w A{Uip - d^d* tp). 

Proof. (1) Prom Theorem 5.1 we have M*ipG E^iC,Po). Clearly Uip € E^{C - 
{Po})®T. It suffices to show that ^d* (p is near Pq for any p g]2, oo[. 

Choose p' g]p,oo[. Then \z\-^+'^/p' \^d* ip\ and \z\\ w\ are bounded near Pq. Now 

we have 



/ f Nr^^^T A = 47r / r^-^P^P'dr = 47r 

J\z\<l ^ ^ Jo 



, r=l 
^2-2p/p' 



< +0O. 

r=0 



Hence co{^d * and {^d * (p)a; are near Pq, and so is U(p, as was to be shown. 
(2) From ($(i * (^)(Po) = we have ('I'rf * (p)So = e ^^(C). Hence 

^(i/iyj) = uj Au!{^d* (p) - uj A {d^d* (p) - {d^d* ip) Auj - {^d* (p)u Aui 
= {U(p) Au + u A {U(p) - uj A {d^d * (fi) - {d^d *(p) Acu 
= {Uip - d^d* (p) Aw + (j A {U(p - d^d* (p). 

□ 

Since U C £'^(C)(g)Tp+i for any p > 0, we may consider the oper- 

ator 

(1 - C/)-i : E\C)^f E\C)§f 
and so the tensor (1 - Uy^i-Su)) G E^(C)%f. 
Lemma 7.5. 



d-e) j (l-;7)-i(-Sa;)Aa;(i) =0. 
Jc 
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Proof. From (7.4) we have J(y{Suj) A lo + j'^io A {Suj) = 0. Using Lemma 7.4 (2) 
for = (1 — U)~^{—Sw) one computes 

0=1 d{U{l-U)-\-SLu)) 
Jc 

= I {U{l-Uy{-Soj)-d^d*{l-U)-^{-Soj))Auj 
Jc 

+ / ujA{U{l-U)-^{-SLo)-d^d*{l-U)-^{-Su)) 
Jc 

= [ {Su + {l-U)-'^{-Sw)-d^d*{l-U)-'^{-Sw))Au 
Jc 

+ I ujA{Sio+{l-U)-^{-Sijj)-d^d*{l-U)-\-Sij)) 
Jc 

= [ {H + *d^d){l-U)-\-Su;)Au+ [ u A {H + *d^d){l - U)-\-Suj) 
Jc Jc 

= [ {l-U)-\-Su>)A{n + d^d*)io+ [ {n + d^d*)LjA{l-U)-\-SLj) 
Jc Jc 

= I (l-C/)-i(-5a;)Aa;(i)+ / oJi^,) A {1 - U)-\-Soj) 
Jc Jc 

= (l-e) [ (l-f/)-i(-5a;)Aa;(i). 
Jc 

□ 

We define W G E^{C)®f by 
W -.= {1- U)-\-Suj) + Suj(i) = (1 - U)-\-Sw) - ((1 - t/)-i(-5w))(i). 
From Lemma 7.5 and (4.5) we have 

int (^J W A uj^i^^ I = 0. (7.5) 

Now we can compute the first variation of the connection form u). 
Theorem 7.6. 



to = —int 



A a;(i)^ co-U{l- U)-\-Siu) + d^d * (1 - U)-^{-Soj). 



First we compute the d-exact and the harmonic parts of the variation Cj. 
Lemma 7.7. 

(1) d^d* = d^d* {-Suj), 

(2) nCj = -nS{uj - ui^y)). 

Proof. (1) Differentiating d * a; = 0, wc have = d^uj + d* UJ = d* Soj + d * u>. 

Hence d^d * u = d^d * {—Soj), as was to bo shown. 

(2) Consider the puUback a;*^^ := (/*)* (a;(i)'^*) of the harmonic form W(i)'^' on 
Cf The difference a;*^^ — a;(i) is d-exact, which impUes u*-^^ — = d^d * (o;*^^ — 
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ijJ(i)) — d^d* Hence, from (1), we obtain 

= d^d * a;(i) = d^d * (-^^(i)). (7.6) 

DiflFerentiating I = JqCO A a;(i), we obtain = w A a;(i) + J^oj A Hence, by 
(7.6), we obtain 



'c 



= -(^j^u) Auj(i^ -(^(1)= (^j^ 

J w A * (— S'wfi))^ • Wfi) = (w — 0^(1)) A (— S'a;(i)) 



■^(1) 



This completes the proof of the lemma. □ 

Proof of Theorem 1.6. We study a 1-form 9 G Ai(C)§f defined by 
@:=u + int(^J WA a;(i)^ u) + U{l- Uy^i-Su) 

instead of UJ itself. Then we have 

HQ = 0, (7.7) 
d^d*e = d^d*{l-U)-\-S(jj). (7.8) 

In fact, from Lemma 7.7(2), we have 

ne = -ns{u}-u}^i)) + int(^J w Aoj(^i)^co^i)+n{u{i-u)-'^{-Su)) 

= H{Soj^i)) - HW + H{{1- Uy^i-Suj)) = H{W -W) = 0. 

Moreover, from Lemma 7.7 (1), we have d^d * O = d^d * {-Suj) + d^d * U{1 - 

U)~'^{-SiLj) = d^d * (1 - Uy^l-SLj), as was to be shown. 

Now, from (7.5), we have int (/^ W A t^(i)) div = (int (J^ W A w) Aw + o; A 

{int (/^ W A W(i)) w). Since /*(Po) = Pq, 

we have du> = Oi>Au> + ijAu). Hence, by 

Lemma 7.4 (2), we have 

d& = d(d; + int (^j^ W A w + C/(l - U)-^{-Su:)^ 

= u) A uj + u) A u) + (^nt (^j W Auj^i)^ ^ Au) + u) A (^nt (^j WAuJ(i)^uj^ 

+ (C/(l - U)-^{-Suj) - d^d * (1 - U)-^{-Suj)) A w 
+w A (C/(l - U)-^{-Soj) - d^d * (1 - U)-^{-Soj)) 
= (e - * (1 - Uy^i-Suj)) A w + w A (e - * (1 - C/)-i(-5a;)) . 

From (7.7) and (7.8) follows 6 - (1 - U)-'^{-Suj) = *d^de. Hence we obtain 

de = {*d^de) Alj + lo A {*d^de). 
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This proves (ci0)(m) = inductively on m > 1, since ((i8)(o) = 0. Consequently 
we have 

w + mi (^j W Auj(^i^^uj + U{l-U)-'^i-Suj) 

= Q^d<i>d*Q = d^d*{l-Uy\-Saj), 
which completes the proof of the theorem. □ 

The theorem, together with the formulae (1-5), implies 
Proposition 7.8. 

0{^) = -int Q WA a;(i)^ 0{-f) 

for any 7 e tti{C,Po,v). 

Proof. Since $d* (1 - U)-'^{-Suj){Po) = 0, the variation 



LOW ■ ■ - LO \ = / LU ■ ■ ■ OJ ■ ■ ■ LO 



is equal to 



— J u}---^nt (^j W A a;(i)^ • • • a; 

/ uj---U{l-U)-'^{-Suj)---w 

i=i •'■y 

+ / oj---d^d*{l-U)-'^{-Suj)---uj 

i=l -^T 

+ ^ / ar^(a;$rf* (1 (-5a;)) oT'^ 

m-1 „ i-1 m-i-1 

n7^{^d*{l-U)-'^{-Su))w)ur^ 

i=i ■^■y 

m-l „ i-1 m-i-1 

+ i7^{u{i-u)-^{-suj))ur^, 

from the formulae (1.5). Consequently we obtain 

This proves the proposition. □ 
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In order to identify the integral J^W A a'(i) we introduce some additional nota- 
tions. We define the 1-current 2 e A^{C)^T by 

%to) '■= m^(m), 
and the operator V : A^{C)§)f A^{C)§)f by 

V{(p) := *d^{u} A(p + (p Aoj) 

for ip e A^{C)§)f. Then we have 
Lemma 7.9. 

(1) (2 A w + w Aa;)(m) = m(a; A 

(2) N{Q'oj' + uj'Q') = N{oj'w') 

(3) = (1 - V)Q 

Proof. (1) From the definition of cD we have 

Em— 1 

(2) can be proved in a similar way to (1). 

(3) From (1) we have 

((1 - = {Q- *d^Q A w + w A w))^^^ 

= mu>(^rn) - m * d^{ui A = ma;(„) - m{uj - u>(i)){m) = ^im<^(i)- 

□ 

Now we can identify the integral J^{1 — U)~^{—Su)) A = J^^W A — 



Lemma 7.10. 



J (l-f/)-^(-5a;)Aa;(i) = -2 J ^ (^N{uj'uj')lij ef. 

Proof. First we remark Vu)(^rn) = w(a; — a;(i))(„) is L"^ for any g G]0, 2[ and (1 — 
Uy^i-Soj) is LP for any p e]2,oo[. Hence the product (1 - U)-'^{-S(j) A VQ is 
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integrable on C. Since <I>d * (1 - U) ^{-Suj){Pq) = 0, we have 

N [ {1-U)-\-Slo)AVQ 
Jc 

= N {l-Uy^i- Slj) A *d^{Q A uj + oj A Q) 
Jc 

= N d<^d*{l-U)~^{-Sw)A*d<^{o)Au} + ojAQ) 
Jc 

= ~N <5d*{l-U)~'^{-Suj)Ad*d^{QAoj + ojAu)) 
Jc 

= -N <^d* {1- Uy^{-Suj) A {Q Au> + UI Auj) 
Jc 

= n[ {ij^d*{l-U)-\-SLj)-^d*{l-U)-\-Sij)uj) 
Jc 

= n( U{l-U)-^{-Suj) Auj. 



JC 

Prom Lemma 7.5 we have 



Aa;(i). 



/ (l-i7)-i(-S'w)Aa;(i) = iV / {I - U)-^{-Su) , 
Jc Jc 

Prom Lemma 7.9 (2), (3) and what we have shown above, the RHS is equal to 

N [ {l-U)-'^{-Suj>)A{l-V)u 
Jc 

= N [ {1-U)-^{-Slo)AQ-N [ (l-C/)-i(-S'w)A 
Jc Jc 

= N [ {l-U)-'^{-Su)Au)-N [ U{l-U)-'^{-Su))Au) 
Jc Jc 

= N [ {-Su)AQ = N [ 2(w'A + w"A)A(ai'+ai") 
Jc Jc 

= -2N [ {u)'u}'[i + u)"Q"li) = -4N [ SR(w'2'A) 
Jc Jc 

= -2 / Jft(iV(w'w'+wV)A) = -2 / ^{N{u'io')li), 
Jc Jc 



as was to be shown. □ 
By Proposition 7.8 and Lemma 7.10 we obtain 

^(7) = -int ( W A ) 6'(7) = int 



25? (^(iV(a;'a;') - 2u;[,)u;[,^) a)) ^(7)- 



This completes the proof of Theorem 7.2. □ 

8. The Maurer-Cartan Form on the Teichmuller Space 

We conclude the paper by discussing what we have shown above in the context 
of the geometry of the moduli space of compact Riemann surfaces. 

Let Eg be a 2-dimensional oriented connected closed C°° manifold of genus 
5 > 1) G and Vq € (rRSg)^^ \ {0}. We may define the fundamental group 
7ri(Sg,po, ^^o) as in §4, which is also isomorphic to the free group F2g. Throughout 
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this section we fix an isomorphism and identify 7ri(Sg,po, ^'o) with i^2g, so that we 

identify H = Hi{F2g;R) with iJi(Eg;M) ^ H\j:g;R). 

The universal covering space Mg^i of the space Mg^i is the Teichmiiller space 
Tg i of triples of genus g. It is, by definition, the moduU space of quadruples 
(C, Po, V, [/]) of genus g, where (C, Pq, v) is a triple of genus g and [/] the isotopy 
class of an orientation-preserving diffeomorphism / : (Sg,po,^^o) — * {C,Po,v). For 
any isomorphism class [C, Pq, [/]] of quadruples we may consider the Magnus 
expansion 

|;^|-io^(C,Po,.)o/,: 

F2g=TTi{i:g,po,vo)^MC,Po,v)' ^ l+Ti(ffi(C;M)) 1+Ti, 

where |/*| = /, : = Hi{Yig) Hi{C) is the induced homomorphism of the 
diffeomorphism /. Consequently we obtain a real analytic equivariant map 



rg,l^Q2g. [C^,P0, ^',[/]] ->|/*r'o 0(^.^0,.) (8.1) 



with respect to the mapping class group. We call it the harmonic Magnus 
expansion on the universal family of compact Riemann surfaces over the moduli 
space Mg^i. 

Here we should recall how the cotangent space T^^j t,]-f^s,i * point [C, Po, u] G 
Mg,i is identified with the space of quadratic differentials H°{C\Oc{{T*C)^'^ ® 
[Pq]®^)). Here [Pq] is the holomorphic line bundle on C defined by the divisor Pq. 
For simplicity we write 

iI«(C; \K + z/Po) := iI«(C; Oc{{T*C)^^ O [Po]^")) 

for X,i^€Z and q = 0,1. As in §7 let (Ct, Pg, vt) be a C°° family of triples satisfying 
{Ct,P^,Vt)\^^^ = (C,Po,z;), and /* : (C,Po,f) ^ {Ct,P^,Vt) a family of 
diffeomorphisms satisfying the condition (7.1). The Kodaira-Spencer isomorphism 
^[C.Po.ujMg,! = H^{C; -K - 2Po) maps the tangent vector ^ (C*, Pg, Vt) to the 

Dolbeault cohomology class [A]. The Serre duality -ff°(C; 2K + 2Po) O iJ^C; 
2Po) — > C, g (g) A I— > gA, gives a natural isomorphism 

T{c,PoM^9A = H\C; 2K + 2Po). (8.2) 

Let Mg be the moduli space of compact Riemann surfaces C of genus g, and 
Cg the moduli of pointed compact Riemann surfaces (C, Pg). The forgetful map 
TT : Cg — > Mg, [C, Pq] I— > [C], can be regarded as the universal family of compact 
Riemann surfaces over Mg. The space Mg i is obtained by deleting the zero section 
from the relative tangent bundle of tt, Mg_i = T^^/Mg \ 0(Cg)- We denote the 
projection of the relative tangent bundle by w : Mg^i — > Cg, which coincides with 
the forgetful map [C, Po,v\ ^ [C, Pq] . Similarly we have natural isomorphisms 

T(c^Mg=H\C;2K), and T^^c^p.fg = H\C;2K + Po). (8.3) 



34 



NARIYA KAWAZUMI 



We may regard H and He '■= H ®<C as fiat vector bundles over the moduli space 
IMIg. It follows from Theorem 7.2 and (2.7) 



int (^J 25R (j^N{uj'u}') - 2uj[-^^^uj[^)^ 



e Der(r). 



By (4.6) we obtain 
Theorem 8.1. 

e*7jp = N{cj'u;')^p+2) +iV(u;'u;')(p+2) & (Tj^Mg^OlCPo..] ® H^^'^'^ 
for any p > 1. 

In fact, N{u}'uj') is invariant under the action of e. 

We may consider the puUback of the p-cocycle Yp by the map 6 

e*Yp e C*(i^p+i;17*(Mg,i;i/®(f+2))). 

Applying Theorem 3.2 to the map 9 we have 

Theorem 8.2. 

n] = ^-l-^(-l)^f(f+i)mo,p+2 e i/^'(Mga;i/«(f+2)) 

wder f/ie isomorphism iJP(C*(i^p+i; f7*(Mg,i; i?®(P+2)))) = i/P(Mg4; iJ®(P+2)). 

This can be interpreted the p-cocyle 0*Yp is a, canonical combinatorial family of 
differential forms representing the twisted Morita-Mumford class too,p+2- From [21] 
and [14] the j-th Morita-Mumford class is obtained by contracting the coefficients 
of TOo,2i+2 using the intersection form of the surface. 

In the case p 7^ 2, as was shown in Lemma 7.1, A^(w'w')(p+2) has a pole of 
order < 1 at the point Pq- Hence 9*rip can be regarded as a twisted 1-form on Cg, 
e*r^p £ r2i(Cg; 7?»(P+2)) for any p ^ 2. 

Finally we discuss more about the twisted closed 1-form 6**7/1 G ft^{Cg; H^^). 
For the rest of the paper we suppose g > 2. Let A4g and A^g,* be the mapping 
class groups of the surface Eg and the pointed surface (I]g,po)i respectively. The 
space Mg is the quotient of the Teichmiiller space of genus g by the natural action 
of the group A4g- Hence, for any R[A^g]-module M, we have a natural isomorphism 
H*(Mg;M) = H*{Mg\M). Similarly we have H*{<Cg-M) = H*{Mg,*;M). 

Morita introduced the extended Johnson homomorphisms k G H^{A4g ^,;A^H) 
and k G H^{Mg]K^H/H) in [20]. Here we regard H as an S'p2g (R)-submodule of 
K^H through the injection c\^: ZgHi-^ZAIG A^H given by the wedge product 
by the intersection form /. The forgetful homomorphism w* : H^{A4g^^,; A"^!!) — > 
H^{Mg^i; A^H) is an isomorphism, and maps k to the cohomology class of the first 
Johnson map [rf] = hi. 

As in §4 we choose a symplectic basis {Xi, Ag+^j^^-^ oi H — iJi(I]g; M). For any 
p > 2 we regard A^H as a 5'p2g (K)-submodule of H'^p by the injection 

APR^H'^P, ZiA---AZj,K^^^^^^(sgna)Z,(i)---Z,(p). (8.4) 

Here it should be remarked the wedge product <pi A ip2 of two T-valued 1-forms ipi 
and ip2 on a Riemann surface does not mean the wedge product of the coefficients. 
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but only that of differential forms as in the preceding sections. For example we 
mean (Zidz) A {Z2dz) = {ZiZ2)dz A dz ^ {Zi (g) Z2)dz A dz for Zi and Z2 G H. 
We define the contraction map c : A^H K^^^H by the restriction of the map 
H'^ip-^)^ Z^Z2Zz ---Zp^ {Zi- Z2)Z3 ---Zp. For example the intersection 
form / = XiXg^i — Xg-^-iXi — ^ ^g+i satisfies c(/) = 2g. Moreover we 

have c(Zi A Z2 A Z3) = 2((Zi • ^2)^3 + {Z2 ■ Z-i)Zi + [Zj, ■ ^1)^2) for any ^1,^2, 
and Z3 e B. 

Now we may regard Q*r\\ G f2^(C3; A^i/). In fact, the (1, 0)-part of Q*ri^ is 
= -x/^iV(l - (23))(l^'(i)5$(^(i) a 

which has coefficients in A'^iJ ® C. From (2.6) abd the results of Morita quoted 
above we obtain 

[r?7i] = -fc e i?^(Cg; bc-H). (8.5) 
Following 121, we write U := A^H/H = Cokerq-^. If we denote by : A^H 
U the natural projection, :— 2g-2 ^ ■ — > H, and q*^ := 1 — q'^p^ : 
U A^H , then we have p^q^ = \h and these maps give an 6*^23 (JR)-equivariant 
decomposition 

A^H ^H®U. (8.6) 
As was shown in [20] the forgetful map H^{A4g; U) H^{A4g^^,; U) is injective and 
maps k to p^k. We define 

■.^p"e*r]i en\Cg;H) and t]Y ■= p^e*^ e n\Cg;U). 

The closed 1-form rjY represents the image of the extended Johnson homomorphism 
on Alg by the forgetful map. 

Theorem 8.3. For any pointed Riemann surface (C, Po) the value of the (1, 0)-part 
of 41 at [C, Po] e Cg, p^iV(w'w')(3) e H°{C; 2K + Pq) (g> U, is smooth at Pq, and 
independent of the choice of the point Po. In other words, r/i can be regarded as al- 
form on the moduli space Mg, and represents the extended Johnson homomorphism 
— k on the mapping class group M.g. 

To prove the theorem we fix a pointed Riemann surface (C, Pq)? and choose the 
basis of the real harmonic 1-forms on C, whose cohomology classes form 

the dual basis of {Xi}^^^ as in §5. We have uj{^i) = Y^l=i{S,iXi + S^g+iXg+i). We 
denote 

B = Bc := —^(1) ■ uJ[i) = -V" M A ^g+^ e 1^2(C). 
2g — '4=1 

Clearly j(jB = 1. Moreover i? is a volume form on C. In fact, if we choose a 

basis of the space H^{C;K) satisfying the condition J^jipi A ipj = Si,j, 

1 < i,j < g, then we have B = A -01 because {V'jj "^^^0i}i=i is a 

symplecic basis of the space H ^ C Since the complete linear system \K\ of the 
canonical divisor on the Riemann surface C has no basepoint, B does not vanish 
at any point P € C. 

We denote by Ql{C) the kernel of the map : n'^{C) » C C. The key to 
the proof of the theorem is the fact the Green operator $ : A^(C) yl°(C)/C 
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restricted to the kernel i^giC) has values in the smooth functions (51'^ (C) C)/C 
and is independent of the choice of the point Pq, which we denote 

$0 = $f : ^1{C) ^ in°{c) ® C)/C. 

For example, since Jp(w(i) A — BI) = 1 — 1 = 0, the 1-form *d$o('^(i) A a;(i) — 
BI) = *d$(a;(i) Aw^^) — BI) is smooth at Pqi and independent of the point Pq- We 
denote the (1, 0)-part of rj^ by 

q = := p^iV(a;V)(3) = 2p" N {u;[,^u;[^)) . 

Lemma 8.4. The covanant tensor q^^^^^'^ ~2uj[^fd^B e C°°(C\{Po}; (T*C)^2)(g) 
if is smooth at Pq, and independent of the choice of Pq. 

Proof. One computes 

ciV(w^l)W'(2)) 

= 2gcu[,) *^<^>B + 2Y,e^* A ^(i)) - 2 ^ ^;+, * a<J>(6 A 

= 25^(1) * d<^B 

+2J2^^* <9$o(G+^ A (^(1) - 6^.)) - 2 ^ * 5$o(6 A (^(1) - ^g+^Xg+,)) 

-2 Y,{i[X, + * <9<I>(C. A Cg+.) 

= {2g - 2)uj[^-^ * d^B 

+2 ^ 5<i>o(es+. A - i,X,)) - 2 * A - Cg+^Xg+,)) 

-2^(C:X, + * 5$o(e. A - B). 

This means p^A^(w'ti;')(3) — 2u;|]^-) * is smooth at Pq, and independent of the 
choice of Pq- D D 

Proof of Theorem 8.3. For any Z H we have Z Al = N{ZI). The (1, 0)-part of 
ryf , A^(w'w')(3) - (j(C'^-Po) A /, is congruent to 2iV(tj[^)tj[2)) ~ '^^'(i) ^ *d^BI modulo 
the tensors on C smooth at Pqi and independent of the choice of Pq- Now the 
difference N [lo'^^^-^w'^^^^) — w'^^^ A *d^BI = N{uj'^^s^ * 9$o(w(i) A — BI)) is smooth 
at Pq and independent of the choice of Pq. This proves the theorem. □ 

In [7] Harris introduced the harmonic volume Ic of a compact Riemann sur- 
face C, and computed the first variation of Iq. The 1-form rjY coincides with the 
first variation. As was pointed out in [7 , rj^ vanishes along the hyperelliptic locus 
Hg C Mg. One can see this fact by considering the action of the hyperelliptic 
involution. This implies all the differential forms representing the Morita-Mumford 
classes derived from rjY vanish along the locus Hg. The harmonic volume of a 
hyperelliptic Riemann surface, however, is non-trivial, as was pointed out by Ta- 
dokoro [27] . It is a locally constant function on the locus and computed completely 
in [27]. See also [28] . 

In view of a theorem of Morita [21| there exist unique equivariant linear maps 
ao and ai € Hom((A3iJ)®2^ R)^P2g(iB:) g^ch that e'' := ao, (6'*?7i^^) and e^^ := 
ai* (6'*?7i'*^) € fl'^{Cg) represent the first Chern class of Pcg/Mg and the first Morita- 
Mumford class, respectively. One can construct the form ef from the 1-form r]Y , 
and so regard it as a 2-form on Mg . Hain and Reed [5] introduced the same 1-form 
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rf( and studied the difference — 12ci(A,i^) in detail, where A is the Hodge line 
bundle over the Siegel upper half space fsg. 

The Chern form e'^ seems to be related to Arakelov's admissible metric. Let B 
be the volume form on a compact Riemann surface C introduced above, and h the 
function on Cg Xm, Cg satisfying the conditions 27!^/-! ^^^lcx{_Po} ^ ^ ^ ^Po ^^"^ 



ICx{Pn} 



i? = 0. Then we have 



^ ddh 



277 



diagonal ^ 



Here := /fiber(^'^)^ ^ il'^{Mg). The proof wiU be given in [B] , 
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